Let G(d) denote the genus group of H(d), that is, G(d) = H(d)/H 2 (d). The order |G(d)| of G(d) is a power of 2 so that there exists a nonnegative integer t(d) such that

|G(d)| = 2 t(d) . (1) The quantity 2 t(d) is the number of classes in H(d) whose order divides 2, that is, the number of ambiguous classes in H(d). The value of t(d)
where ω(d) denotes the number of distinct prime factors of d. We do not use the explicit value of t(d) in any of the proofs in this paper but we do make use of it in the examples in Section 4.
Let n denote a positive integer. We say that n is represented by the form (a, b, c) if there exist integers x and y such that n = ax 2 + bxy + cy 2 . The representation is said to be proper if (x, y) = 1. If n is represented by
we say that n is represented by the class [a, b, c] . Further, we say that n is represented by the genus G of G(d) if n is represented by at least one class in G. We let
so that
Gauss's original definition of genera was by means of generic characters (see for example [1, § §121-122 , pp. 313-319]), and was done in such a way that if n is prime to d and is represented by some class of discriminant d then n is represented by exactly one genus of discriminant d. A main result of genus theory (see [1, §158, pp. 432-433] ) is that the genera defined as we did above and the genera defined through generic characters coincide, so that we have
We have two aims in this paper. First we show that G(n, d) is always a coset of a subgroup of G(d) and then we give an explicit formula for g(n, d) without the restriction (n, d) = 1. Before stating our result, we give some more notation.
It is convenient to define the positive integers M , Q and U as follows:
where p v p (k) denotes the largest power of the prime p dividing the nonzero integer k. A prime p is said to be a null prime with respect to n and d if
The set of all null primes with respect to n and d is denoted by Null(n, d). 
is a surjective homomorphism.
induces a surjective homomorphism
We prove
Theorem. Suppose that the positive integer n is represented by the genus G ∈ G(d). Then the set G(n, d) of genera of discriminant d which represent n is given by
The Theorem is proved in Section 3 after some lemmas are proved in Section 2. Three examples illustrating the Theorem are given in Section 4.
Some lemmas.
We begin by proving the following result which is central to everything that we do.
Lemma 2. Let G ∈ G(d). The positive integer n is represented by G if and only if n/M 2 is represented by θ M (G).
Proof. Suppose that n is represented by the genus G ∈ G(d).
Then there exists a class K ∈ G which represents n. By property (i) above, the class K contains a form (a, b, c) with
As (a, b, c) represents n, there exist integers x and y such that
Completing the square in (14), we obtain
Hence in both cases we have M | x and so
showing that n/M 2 is represented by
Thus there exists
As L represents n/M 2 there exist integers x and y such that n/M 2 = ax 2 + (b/M )xy + (c/M 2 )y 2 so that n = aX 2 + bXy + cy 2 with X = xM . Thus n is represented by [a, b, c] = K and so by the genus G.
The required result follows from (16) and (17). As an immediate consequence of Lemma 4 we have
Lemma 4. Let p be a prime with p | d, p f . Then there exists a unique class of H(d) representing p.
Proof. We first show that there is a class of H(d) representing
Corollary 1. Let p be a prime with p | d, p f . Then there exists a unique genus of G(d) representing p.
We denote the unique genus representing p by p . As each prime p dividing U (see (6)) satisfies
The mapping on G(d) given by G → U G is a bijection.
Lemma 5. Let n be a positive integer and let G ∈ G(d). Then n is represented by G if and only if n/U is represented by U G.
Proof. Let p be a prime dividing d and n but not f . We show that p G ∈ G(d) represents n/p if and only if G ∈ G(d) represents n. The assertion of the lemma then follows by repeatedly applying this result to all the primes p dividing U .
Suppose that G represents n. As p | n we have n = pn 1 for some integer n 1 . Thus the genus p G represents pn = p 2 n 1 . Let K be a class in the genus p G which represents p 2 n 1 . It is easy to show that K contains a form (a, bp, cp), where p divides neither a nor c (see [2, Lemma 7 .1]). Thus there exist integers x and y such that
Clearly p | x. Then p 2 | n 1 p 2 − ax 2 − bpxy = cpy 2 so that as p c we have p | y. Hence
Suppose now that p G represents n/p = n 1 . As p represents p, we see that p 2 G represents pn 1 = n. But G 2 1 = principal genus for any genus G 1 so that p 2 G = G represents n. 
Proof of
Then, by Lemma 3, we have
Finally,
As a special case of the Theorem, we have Example 2. We take n = 640 = 2 7 · 5 and d = −1984 = −2 6 · 31 ≡ 0 (mod 32). In this case we have of this paper, Greg Martin of the University of Toronto whose question to the second author at the 2001 Seaway Number Theory Conference led to an improvement in our Theorem, and an unknown referee for valuable suggestions.
